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PSPACE Completeness 



Announcements 

•
•

•
•

•
•



Flashback:
• G

• S  AB | BC 

• A  BA | a 

• B  CC | b 

• C  AB | a 

• baaba

•







SAT

O(m)

O(m)

2O(m)

SAT O(m)



O(q) 

2q

log (2q) = q  

O(q) 

q  = 2q 



TIME → SPACE 

• t(n)

• t(n) 

•

SPACE → TIME 

• f(n)

• (|Γ| + |Q|)f(n) = 2df(n) 

•

•



•

•
•

•

•
•

Flashback: 



•

•
•

•

•
•

Flashback: 



•
•

•

•

•

•

•

Flashback: 

time 

b = 



n

t(n)

2O(t(n))

Flashback: 



N A f(n) 

• f(n)

• 2df(n)

•

•

• 2df(n)

•

Flashback: 



•

•

•

cstart caccept 

2O(f(n))

cstart cm 
2O(f(n))/2

caccept 
2O(f(n))/2

caccept 

log(2O(f(n))) = O(f(n))

cstart 

cm  
 = O(f(n)) 

O(f(n)) * O(f(n))  
= O(f2(n)) 





• N A f(n) 

• M O(f2(n))
 

 

 

• cstart =  N 

• caccept = N

d



PSPACE 



NPSPACE 

N 

N N 

P NP

P ⊆ PSPACE NP ⊆ NPSPACE 



Flashback: P = NP

?  Vs  ? 

≠



PSPACE NPSPACE  

• PSPACE

• NPSPACE

PSPACE = NPSPACE 

 



• P ⊆ PSPACE NP ⊆ NPSPACE 
•

•

• PSPACE ⊆ EXPTIME 
• f(n) 2O(f(n)) 

•

• P ⊆ NP  PSPACE = NPSPACE  

P ⊆ NP ⊆ PSPACE = NPSPACE ⊆ EXPTIME 



P ⊂ NP ⊂ PSPACE = NPSPACE ⊂ EXPTIME 

??? 

P ⊂ EXPTIME 



Review: NP

NP

P=NP



NP NP

NP

NP NP NP

NP  NP



NP

3SAT

NP

3SAT NP
NP

3SAT



NP

3SAT → HALT

ϕ

• M  

 

 

 

 

• <M, ϕ > 

M = ϕ

•
• ϕ

•

⇒ ϕ M ϕ
⇐ ϕ M ϕ



Review: 



P

Review: 

P = NP

P ≠ NP

P



PSPACE



Flashback: NP

NP



PSPACE

PSPACE



TQBF 



TRUE  FALSE (  1  0) TRUE, FALSE 

x, y, z 

AND, OR, NOT  (                           ) 

ϕ

OR

Flashback: 



Flashback: 



Flashback:

•

• ∧, ∨, ¬ 

• (, ), [, ] 

• ∀, ∃ 

• x 

• R1, …, Rk



Flashback:

•
• Ri(x1, …, xk) 
• ϕ1 ∧ ϕ2 
• ϕ1 ∨ ϕ2 
• ¬ϕ 

•  ϕ ϕ1 ϕ2 

• ∀x [ ϕ ]  
• ∃x [ ϕ ] 

•  ϕ
• x
•

•

 



Flashback:

•
•

• {True, False} 

•

AND, OR, NOT 

•

 



TRUE  FALSE (  1  0) TRUE, FALSE 

x, y, z 

AND, OR, NOT  (                           ) 

ϕ

OR

∃ ∀ 





TQBF PSPACE 

m O(m)

m = # 

O(m) 







TQBF PSPACE



•
•

• NP
•

Flashback:



NP

• w = w1 … wn 

• nk

•

• nk 

•
 



PSPACE

• w = w1 … wn 

• 2O(n^k)

•

• nk 

•
 

2O(n^k) 



TQBF PSPACE

f(n) = nk 

2O(n^k) 



t



t

∀ 

t = 2O(f(n)), 
 = log(2O(f(n))) = O(f(n)) 

=, → AND OR



t =1 

c1 → c2 

 = O(f(n)) 

 = O(f(n)) * O(f(n)) = O(f2(n))  



TQBF PSPACE

f(n) = nk 
M  A 

2O(n^k) 

⇒ M w TRUE 

⇐ M w FALSE 







PSPACE 



Check-in Quiz 11/29 


