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Announcements 

•
•

•



SORT A A n

•
•  = A[0] 

•  = x ∈ A, x ≤ pivot 

•  = x ∈ A, x > pivot

• SORT( ) ∘ [  ] ∘ SORT( )  

O(n log n)

• = O(n) 

• = O(n)

O(n2) 



SORT A A n

•
•  = A[ ] 

•  = x ∈ A, x ≤ pivot 

•  = x ∈ A, x > pivot

• SORT( ) ∘ [  ] ∘ SORT( )  

O(n log n)

• = O(n) 

• = O(n)

O(n2) 
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P[choosing ≥ 5 red balls in 9 tries] 





M1 M2





k

• (4ϵ(1-ϵ))k = 2-p(n) 

• k = log(4ϵ(1-ϵ))2
-p(n) 

• k = log22-p(n)/log2(4ϵ(1-ϵ))  

• k = -p(n)/log2(4ϵ(1-ϵ)) 

M1 2k ϵ  w + c = 2k  

• c = # 

• w = # 

ϵw(1-ϵ)c

• w ≥ c

• Pr[ ]

= Σw,c Pr[  w ≥ c] = Σw,c ϵ
w(1-ϵ)c 

•  w = c = k 

• Pr[ ]  

≤ Σ ϵk(1-ϵ)k = 22kϵk(1-ϵ)k = (4ϵ(1-ϵ))k  
 

 

w = c = k 

22k = #  w c 

ϵ < ½  ϵ < 1-ϵ 

k 

 Pr[ ] ≤ 2-p(n) 

log 

logab  
=  

logca/logcb 

M1

M2

#               2k 



• > 1 1

• > 1
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• EXPTIME
 

• POLYTIME  
•
• O(log12(n)) 

• POLYTIME
•
•

•

•



•







• x ≡ y (mod p) 

• x  y p

• x – y = kp k 
• p 

• x mod p = y mod p 
• p

 

• 38 ≡ 14 (mod 12) 

• 38 - 14 = 24 = 2∙12 

• 38/12 2 14/12 2 

x x ≡  y (mod p)  y ∈ 



a 

ap-1-1 p 

x
true ax-1-1 x x

true ax-1-1 x x



• p = 7 

• ∀ a ∈ {1, …, 6}
ap-1-1 7 

• a = 2, 
• 27-1-1 = 26-1 = 64-1 = 63 = 7∙9

• p = 6 

• a = 2 
• 26-1-1 = 25-1 = 32-1 = 31 

• 31 6  6 

• p = 15 
• a = 4 

• 415-1-1 = 414-1 = 268,435,455 
• 268,435,455 / 15 = 17,895,697 

• 15



ai

ai
p-1 ≢ 1 (mod p) ai

• p ai

• 0% 
ai

p-1 ≡ 1 (mod p) ai

• p
•

• Pr[p ] 





 r2 ≡ a (mod p)  

r a (mod p)

•  p 

• 1 (mod p) = 1  -1 

•  p 

• 1 (mod p)  ≥ 4 
 

• 1 (mod 15) = 1  -1  4  -4



ap-1 ≡ 1 (mod p) a(p-1)/2 

•  = 1 a(p-1)/2 = 1 (mod p)
•

•  = -1
•

• ≠ ±1

 p 1 (mod p) = 1  -1 
 p 1 (mod p)  ≥ 4 

• p-1 = s2d 

• a(p-1) as2^d as2^(d-1) 



ai
p-1 mod p = 1 

≠ ±1  

ai  



PRIMES ∈ BPP

ai
p-1 mod p = 1  

ai
p-1 = ±1 



PRIMES ∈ BPP



•
•

•
• ϵ ≤ 1/2 

• ϵ ≤ 1/4  



PRIMES ∈ BPP

p
ai



RP 

PRIMES ∈ RP 

PRIMES 



BPP 
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Thank You For a Great Semester! 


