CS 622
Regular Languages Are Closed

Under Concatenation
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Previnsly d: Q X ¥—Q is the transition function

DFA Extended Transition Function
0:Q XY = Q

« Domain (inputs):
e state q © Q (doesn’t have to be start state)
e string w = wWiws -+ Wy where w; € X

- Range (output):
. state ¢ € () (doesn't have to be an accept state)
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NFA

d: @ x X¥e—>"P(Q) is the transition function

Extended Transition Function

5:Q xX* 5 P(Q)

« Domain (inputs):

. state ¢ € () (doe
« string w = ww

- Range (output):

states

s C Q

\ Result is set of states

't have to be start state)
*+* Wn where w; € X




Previnsty 0: Q x X.—P(Q) is the transition function

NFA |[Extended Transition Function
S:QXZ*—WJ(Q)\

« Domain (inputs): Result is set of states
e state q © Q (doesn’t have to be/start state)
* string w = wiws - Wy where w; € 2

* 4g_Ran € (OUtpUt)I Recursively Defined Input
states ¢s C () needs

Recursive Function

A String is either:
« the empty string (), or

(Deﬂned recu rSively) « xa (non-empty string)

where
« xis astring

Base case 5((]7 5) —{q} + aisa‘char’ inz

Base case



Previnsty 0: Q x X.—P(Q) is the transition function

NFA |[Extended Transition Function
S:QXZ*%P(Q)

« Domain (inputs):
. state ¢ € () (doesn’t have to be start state)
* string w = wiw2 -+ Wy where w; € X

* @gg (OUtpUt): Recursively Defined Input
states (S C Q needs

Recursive Function

A String is either:
 the empty string (), or

(Deﬂ ned recursive ly) Recursive case |~ xah(non—empty string)
where
A « _xis astring
Base case 5 (Q7 6) — {Q} Recursive part < aqisa“char’inz
“second to last”
A Recursion on recursive part set of states

Recursive Case d(q, wlwn) — -
where w' = wy - - - wy,_1 5(Q7 ”LU’) — {Q17"- ,C.Hc}
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0:Q xX" =P(Q)
« Domain (inputs):
. state ¢ € () (doesn't have to be start state)
* string w = wWiws -+ Wy where w; € 2
- Range (output):
states ¢s C ()

' ' h “second
(Defined recursively) o last” state,
take single step

Base case 5((]7 5) —{q} . on last char

A

Recursive Case 8(% w/wn) _ LJI 5(%; wn)
1=

where w' = wy -+ - w,_1

6(q, w

0: Q x X.—>P(Q) is the transition function

NFA [Extended Transition Function

We haven’t considered
empty transitions!

Recursively Defined Input
needs
Recursive Function

A String is either:

 the empty string (), or

* xa (non-empty string)
where
« xis astring
e aisa‘“char’inX
Last char

N =A{a,.-- qk}



2 /‘w/'a«@é

Adding Empty Transitions

» Define the set e-REACHABLE(q)
* ...to be all states reachable from q via zero or more empty transitions

(Defined recursively)
» Base case: ¢ € e-REACHABLE(q)

 Inductive case: A state is in the reachable set if ...

e-REACHABLE(q) = {r | p € e-REACHABLE(q) and r € d(p,€)}

... there i1s an empty transition to it from
another state in the reachable set



Handling € transitions now!

NFA |[Extended Transition Function
S:QXZ*%p(Q)

(Defined recursively)

A

Base case 5((]7 g) — g—REACHABLE(q)

Recursive Case



NFA

Handling € transitions now!

Extended Transition Function

0:Q x T =P(Q)

All chars “second to last”
except last set of states
(Defined recursively)
Base case 5((]7 g) — 6—REACHABLE(Q) :
“last” set o
| X / 14 states (no ¢)
Recursive Case O(q,w'w,) = U e-REACHABLE(T)

j=1



Summary: NFA vs DFA Computation

DFAs NFAs
« Can only be in one state « Can be in multiple states
 Transition: * Transition
« Must read 1 char « Has empty transitions
* Acceptance: * Acceptance:

« If final state is accept state * If one of final states is accept state




Previnusty Concatenation: Ao B = {xy|x € Aand y € B}

s Concatenation Closed?

THEOREM

The class of regular languages is closed under the concatenation operation.

In other words, if A; and A3 are regular languages then so is A; o As.

Proof requires: Constructing new machine
« How does it know when to switch machines?
« Can only read Iinput once




Concatentation

_ oo©/\ ° © ©/

N is an NFA! It can:
- Keep checking 15t part with M,

: : and
Want: Construction of N to recognize A1 © Azl _ ymove to M. to check 21
2

Let M, recognize A;, and M, recognize As.

N part
e = “empty transition” = reads no input
( Allows N to be in both machines at the same time! I
~ 4 N\

O L
O ° OfH30 oo
O~ o




Concatenation is Closed for Regular Langs

PROOF (part of)

Let DFA Ml = [Qli Z; 51; CI1, Fl) I’eCognize Al
DFA MZ = [QZ’ Z; 52; qz, Fz) reCOgnIZG AZ

Construct N = (Q, X, 9, q1, F») to recognize A; o A M, M,
LIQ]F Q1 U Q2 - 5
. @ @ —>O O O ©
2. The state ¢; is the same as the start state of M, i °° 9 oo | ©
3. The accept states|F5 jare the same as the accept states of M, l
4. Define § so that for any ¢ € @ and any a € X, N
e
=
o Ot ©
jo @ © O‘ £ 5@ o © @ |




Concatenation is Closed for Regular Langs

PROOF (part of)

Let DFA Ml = (Qli Z; 51; CI1, Fl) I’eCognize Al
DFA MZ = (QZ) Z; 52; qz; Fz) I’eCognlze AZ

Construct N = (Q, X, 9, q1, F») to recognize A; o A M, M,
1. Q=01 UQ2 ., O

. @ @ —>O O ©
2. The state ¢; is the same as the start state of M, °©° 9 o o

3. The accept states F5 are the same as the accept states of M, ﬂ
4. Define § so that for any ¢ € @ and any a € X,

(61 (R a)} E(
{61(®a)} -0 ° H20 oo
{ o O t o

0(ga) =9

NFA def says 6§ must N

map every state and { ?a)}
e to set of states nd: 8(q,€)=®, for g€Q,q € F,




Concatenation is Closed for Regular Langs

PROOF (part of)

Let DFA Ml = (Ql) Z; 51; CI1, Fl) I’eCognlze Al
DFA MZ = (QZ) Z; 52; Clz, Fz) I’eCognlze AZ

Wait, is this true?

Construct N = (Q, X, 9, q1, F») to recognize A; o A M, M,
1. Q — Ql U Q2 o ©
. @ @ —>O o)
2. The state ¢ is the same as the start state of M; °©° B o
3. The accept states F5 are the same as the accept states of M, ﬂ
4. Define § so that for any ¢ € @ and any a € X, N
-
(61(q,a)} g€ Qiand q € Fy @ .
{01(q,a)} g€ Fianda # ¢ @ ° @ E & o
6(q,a) = < °° @ 0
{go} g€ Fianda=c¢ L
(02(g, a)} q € Q2. ead

And: 6(q,€) =9, for q€Q,q € F,
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s Union Closed For Regular Langs?

Proof

Statements
1. A;and A, are regular languages

N LR WS

Construct DFA M =(Q, %, 5, q, F)
M recognizes A, U A4,
A, UA, is aregular language

In other words, if A; and As are regular languages, so is A; U As.

Justifications

1.
ADFAM,=(Q, % 8, q, F,) recognizes A; 2.
A DFA M, =(Q,, %, 6,, q,, F,) recognizes A, 3.
4,

Assum
Def of
Def of
Def of

ntion

Reg Lang (Coro)
Reg Lang (Coro)
DFA

5. See Examples Table

6. Def of Regular Language
The class of regular languages is closed under the union operation. 7. From stmt #1 and #6

0ED. IR



|s Concat Closed For Regular Langs?

Proof?

Statements Justifications

1. A, and A, are regular languages 1. Assumption

2. ADFAM,=(0Q,,%, 6, q,, F,) recognizes A, 2. Def of Reg Lang (Coro)
3. ADFAM,=(0Q,%,6,,q, F,) recognizes A, 3. Def of Reg Lang (Coro)
4. Construct|NFA M = (Q, %, 6, q,, F) 4, Def of | NFA

5. Mrecognizes A-JA, A 0 A, 5. See Examples Table

6. A-UA, A, oA, isaregular language 6. 2272 Does NFA recognize reg langs?
/. The class of regular languages is closed under { concatenation 1operation. 7. From stmt #1 and H6

In other words, if A; and As are regular languages then so is A; o As.
Q.E.D.?
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A DFA’'s Language

« For DFAM = (Q, %, 0, qo, F)
» Maccepts wif §(qy,w) € F

« M recognizes language {w| M accepts w}

Definition: A DFA’s language is a regular language



An NFA's Language?

- For NFA N = (Q, %, 6, qo, F)

Intersection ... ... With accept states ...

« N accepts w it 6(QO7 ’LU) NF 7& @ .. is not empty set
* |.e.,, accept If final states contains at least one accept state

« Language of N=L(N) = {,w | S(QO,w) NEF # @}

Q: What kind of languages do NFAs recognize?



Concatenation Closed for Reg Langs?

« Combining DFAs to recognize concatenation of languages ...

... produces an NFA

SO to prove concatenation is closed ...

... we must prove that NFAs also recognize regular languages.

Specifically, we must prove:
NFAs < regular languages



‘If and only If” Statements

XY = “Xifandonlyif Y7 = Xiffy = X<=>Y
Represents two statements:

1. =>i1fX,thenY
« “forward” direction

2. <iIfY thenX
* “reverse” direction



How to Prove an “Iff” Statement

XY = “Xifandonlyif Y7 = Xiffy = X<=>Y
Proof has two (If-Then proof) parts:

1. =>i1fX,thenY
e “forward” direction
« assume X, then use it to prove Y

2. <iIfY thenX
* “reverse” direction
« assume Y, then use it to prove X



NFA <> DFA

A nondeterministic finite automaton A finite automaton is a 5-tuple (Q, X, 6, qo, F'), where
is a S-tuple (@, X, 9, qo, F'), where
1. ) is a finite set of states,
2. Y is a finite alphabet,
3.6: Q x X.—>P(Q) is the transition function,
4. go € Q is the start state, and
5. F' C @ is the set of accept states.

1. () is a finite set called the states,
» 2. ¥ is a finite set called the alphabet,

3. 0: Q x X—Q is the transition function,
- 4. qo € Q is the start state, and

5. F C Q is the set of accept states.




Proving NFAs Recognize Regular Langs

Theorem:
A language L is regular if and only if some NFA N recognizes L.

Full Statements
&
Justifications?

Proof: 2 parts

= If L iIs regular, then some NFA N recognizes it
(Easier)
. We know: If L Is regular, then a DFA exists that recognizes it.
« So to prove this part: Convert that DFA — an equivalent NFAI(see HW 3)

& If an NFA N recognizes L, then L is regular. “equivalent” =
“recognizes the same language”




= If L 1s regular, then some NFA N recognizes it

Statements Justifications

1. Lis aregular language 1. Assumption fra s
2. A DFA M recognizes L 2. Def of Regular lang (Coro)
3. Construct NFA N =convert(M) 3. See hw 2 3!

4. DFA Mis equivalentto NFAN 4. See Equiv. table! <mmm
5. An NFA N recognizes L 5. 277 B
6. If Lis a regular language, 6. By Stmts #1and #5

then|some NFA N recognizes it




“Proving” Machine Equivalence (Table)

Let: DFAM = (Q, 3,9, qo, F)
NFA N = convert(M)

~

6(qo,w) € F for some string w Note:

new required column

If M acceptsw ...
Then we know ...

There I1s some sequence of states: r, ...r , wherer.e Q and
ri=qeandr, €F

Then N accepts?/rejects? w because ...

Justification #1?
There is an accepting sequence of set of states in N ... for string w




“Proving” Machine Equivalence (Table)

Let: DFAM = (Q, 3,9, qo, F)
NFA N = convert(M)

~

0(qo,w) € F' for some string w

A

d(qo,w’) € I for some string/w’

String | M accepts? N accepts? Justification

w Yes 7?7 See justification #1

If M accepts w’... w' No 77 See justification #2?

Then we know ...

Then N accepts?/rejects? w' because ...
Justification #2?




Proving NFAs Recognize Regular Langs

Theorem:
A language L is regular if and only if some NFA N recognizes L.

Proof:

M = If L is regular, then some NFA N recognizes it.
(Easier)
. We know: If L Is regular, then a DFA exists that recognizes it.
- So to prove this part: Convert that DFA — an equivalent NFA! (see HW 3)

& If an NFA N recognizes L, then L is regular. “equivalent” =
(Harder) “recognizes the same language”

. We know: for L to be regular, there must be a DFA recognizing it
« Proof Idea for this part: Convert given NFA N - an equivalent DFA




How to convert NFA-DFA?

A finite automaton is a S-tuple (Q, X, 6, qo, F'), where

1. @ is a finite set called the szates, <
2. Y is a finite set called the alphabet, : ]

3. 0: Q x ¥— Q) is the transition function,

4. qo € () 1s the start state, and

5. F C Q is the set of accept states. A nondeterministic finite automaton
is a S-tuple (Q, %, 9, qo, F'), where

. 1. @ is a finite set of states,
Proof 1dea: > T is a finite alphabet
Let each “state” of the DFA T TS TR i o .
= set of states in the NFA 3.0: Q x ¥.—>P(Q) is the transition function,
4. gy € () 1s the start state, and
5. F C @ is the set of accept states.



Symbol read @ Start

T
@ NFA computation can
{ e be in multiple states
\ DFA computation can
0 - only be in one state
TR So encode:
@ @ @ @ a set of NFA states
as one DFA state
T
This is similar to the proof strategy from
@ @ @ @ @ “Closure of union” where:
(GEETEEEE ‘ a state = a pair of states
(2) (2



Convert NFA-DFA, Formally
+LetNFAN = (Q, 22, 3, qo, F')

« An equivalent DFA M has states Q' = P(Q) (power set of Q)



The NFA N4

A DFA D that is equivalent to the NFA N,



No empty transitions

Have: NFA N = (Q, 2,9, qo, F)

Want: DFA M = (Q’, 3,9, qo’, F')

1. Q, — P(Q) A DFA state = a set of NFA states
2. For Re Q" and a € 3,

5/ (R7 a) — l \ 5(7“7 a) A DFA step = an NFA step for all states in the set
R = DFA state = set of NFA states rcR

3. 90" = {qo}
4. I = {R € Q'| R contains an accept state of N}



thshback: ADdINg EMpty Transitions

- Define the set e-REACHABLE(q)
* ...to be all states reachable from q via zero or more empty transitions

(Defined recursively)

» Base case: ¢ € e-REACHABLE(q)

e Recursive case:

A state is in the reachable set if ...

e-REACHABLE(q) = {r | p € e-REACHABLE(q) and r € d(p,€)}

... there i1s an empty transition to it from
another state in the reachable set



With empty transitions

Have: NFA N = (Q, 2,9, qo, F)
Want: DFA M = (Q’, 3,9, qo’, F')

Almost the same, except ...

1. Q" ="P(Q)
2. For Re Q' and a € X, g _
0'(R,a) = | ) e REACHABLE(s) 4+
SES reR

3. o' =446+ =-REACHABLE(¢p)
4. I = {R € ()| R contains an accept state of N}



Proving NFAs Recognize Regular Langs

Theorem:
A language L is regular if and only if some NFA N recognizes L.

Statements
Proof: 2
= If L Is regular, then some NFA N recognizes It. Justifications?
(Easier)

- We know: If L is regular, then a DFA exists that recognizes it.
- So to prove this part: Convert that DFA — an equivalent NFA! (see HW 3)

& If an NFA N recognizes L, then L is regular.
(Harder)
. We know: for L to be regular, there must be a DFA recognizing it
B) - Proof Idea for this part: Convert given NFA N — an equivalent DFA ...
... using our NFA to DFA algorithm!




Concatenation iIs Closed for Regular Langs &

PROOF

Lot DFAM, =(Q,, %, 8y, q4, F;) recognize 4, —
_ . If a language has an NFA recognizing It,
DFA M, = (@2 2, 05, 45, F>) recognize 4, then it is a regular language

Wait, Is this true?

\
/

Construct N = (Q, X, 9, q1, F») to recognize A; o A M, M,
1. Q=0Q:UQ ., ©
o -0 °, 0| |-0 009
2. The state ¢ is the same as the start state of M; °° B oo ©O
3. The accept states F5 are the same as the accept states of M, ﬂ
4. Define § so that for any ¢ € @ and any a € X, N
-
(01(q, a)} g€ Qrand g ¢ I, @\ - o
@ @ T=0 o=
5( a)_<{(51(q,a)} g€ Fianda # ¢ o0 & e 2% o
%) = {g2} qe F anda=c¢ N
{02(q, a)} g€ Q2 And:6(q, €) =0, forqEQ,qEEFl’y? H



Concat Closed for Reg Langs: Use NFAs Only

PROOF

NFAs

Let Ny = (Q1,%, 61, q1, F1) recognize Ahy

If language is regular,
then it has an NFA recognizing it ...

No = (Q2, X, 02, q2, F>) recognize As:

Construct N = (Q, X, 9, q1, F») to recognize A; o A N, N,

1. Q = Q1 UQ2

2. The state ¢; is the same as the start state of IV;

3. The accept states Fgfﬁ,é@,;ame as the accept states of N

4. Define ¢ so that for #hy?¢% ¥ and any a € X,

o(q,a)

¢

4
2
?

g

g€ Qrandq g Fy
g€ Fianda # ¢
ge Fyanda =€

q € Q2.

N

P
o O ©
‘EO 0 o Oo()o@)}
.

~
)




Union: AUB ={z|z € Aorz € B}

thstback: UNioN 1S Closed For Regular Langs

THEOREM

The class of regular languages is closed under the union operation.

In other words, it A; and As are regular languages, so is A; U As.

Proof:

« How do we prove that a language is regular?
« Create a DFA or| NFA recognizing it!

« Combine the machines recognizing A, and A4,
 Should we create a DFA o1 NFA P




Proof, with DFA

thstback: UNioN 1S Closed For Regular Langs

Proof
Gi . My = (Q1,%,01,4q1, F1), recognize Ay,
e Ulven:. .
My = (Q2, X, 02, q2, F2), recognize A,

« Construct: a new machine M = (Q, X, 9, qo, F') using M, and M,

» states of M: Q={(r1,m2)|m € Qrand rs € Q2} =0, xQ, Sﬁtgt;ntéw
This set is the Cartesian product of sets Q1 and Q2 | "y state

« M transition fn: 5((?"1, r9), (L) — (51 (r1,a),d2(rs, (L)) M step =

a stepin M, + a step in M,

« M start state:  (q1,92)

Accept if either M, or M, accept
* M accept states: F = {(ry,r3)|r1 € Fy orry € Fy}




Alternate Proof, with NFAs

Union i1s Closed for Regular Languages

N

Add new start state,
and e-transitions to
old start states

L

~




Union i1s Closed for Regular Languages

PROOF

Let Ny = (Q1,%,01,¢q1, F1) recognize Aq, and
N2 = (QQ, 2?52, q2, Fg) recognize AQ.

Construct N = (Q, X, d,|qo,|F) to recognize A; U As.

1. Q =Hqo}jU Q1 U Q2.

2. The state|qp|is the start state of V.

3. The set of accept states F' = F} U F5.

Alternate Proof, with NFAs

N ) —_—
Vo -0 0
08© E/Oo©

> [

NQ/_,O©‘ € @/ ©\
Q © O ©
S O L O




Union i1s Closed for Regular Languages

PROOF

Let Ny = (Q1,%,01,¢q1, F1) recognize Aq, and
N2 = (QQ, 2752, q2, Fg) recognize AQ.

Construct N = (Q, %, 4, qo, F') to recognize A; U As.

1. @ ={q}UQ1UQx.

2. The state gg 1s the start state of V.

3. The set of accept states F' = F} U F5.

4. Define ¢ so that for any ¢ € Q and any a € X,

(51(q q <€ Q1
? q € Q2

) —
(4:) ? g=¢qoand a = €

? q=qoanda # €

Alternate Proof, with NFAs

M

uOle -0 9
08© E/ Oo©
e Ol

~-00 Noo6
0008 %08

Don’t forget
Statements
and
Justifications!




List of Closed Ops for Reg Langs (so far)

V]« Union

V1« Concatentation

- Kleene Star (repetition) ?



Star: A* = {x122...21| k > 0 and each z; € A}

Kleene Star Example

Let the alphabet 3 be the standard 26 letters {a, b, ..., z}.
If A = {good,bad}

{e, good, bad, goodgood, goodbad, badgood, badbad,

A* = goodgoodgood, goodgoodbad, goodbadgood, goodbadbad, ... }

Note: repeat zero or more times

(this is an infinite language!)



Kleene Star

N
4 e
s | 90O ©
© ©
\ O Y,
New start (and accept) state,
e-transitions to old start state
\ Old accept states

e-transition to old
start state




(h-class exerclse,

Kleene Star 1s Closed for Regular Langs

THEOREM

The class of regular languages is closed under the star operation.



Kleene Star 1s Closed for Regular Langs

PROOF Let N = (Ql,E,él,ql,Fl) recognize Aq.
Construct N = (Q, 3, §, qo, F') to recognize Aj.

N

L

. O
O

@

I

/

£
O+

O

©

E}

N\

/




Kleene Star 1s Closed for Regular Langs

PROOF Let N1 = (Q1,%,01,q1, 1) recognize A;. M

Construct N = (Q, 3, 4, qo, F') to recognize Aj. @

1. Q= {q} U

2. The state qq is the new start state.
3. F = {Q()} U F1

Kleene star of a language must accept the empty string!

/

/

~N

N

‘@_

=

o

=

O
O

O
O




Kleene Star 1s Closed for Regular Langs

PROOF Let Ny = (Q1,%, 01,41, F1) recognize A;.
Construct N = (Q, 3, 4, qo, F') to recognize Aj.

1. Q@ ={q} U
2. The state qq is the new start state.

3. F={q}tVF
4. Define § so that for any g € @ and any a € X,

Ny

.

g€ @Qrand g & Fy

g€ Fianda # ¢

d(q,a) = g€ Fianda=¢

g=¢qoanda=¢€

N N N N N

¢ = qo and a # €.

&

~

Q0O

/
Eﬁé
O
©)
-




Nest Time: Wy These Closed Operations?

e Union
e Concat
e Kleene star

All regular languages can be constructed from:
- single-char strings, and
- these three combining operations!




Submit in-class work 2/26

On gradescope



