CS420

NFA -> DFA

Wednesday, February 15, 2023
UMass Boston CS

A nondeterministic finite automaton A finite automaton is a 5-tuple (Q, X, 6, qo, F'), where
is a S-tuple (Q, 2,4, qo, F'), wh _ ,
.p (Q %0, '), where 1. () is a finite set called the states,
1. @ is a finite set of states, - 2. Y is a finite set called the alphabet,
2. Y is a finite alphabet,

3. 0: Q x X—Q is the transition function,
4. qo € Q is the start state, and
5. F C Q is the set of accept states.

3.6: Q x X.—>P(Q) is the transition function,
4. go € Q is the start state, and
5. F' C @ is the set of accept states.
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« HW 3 out
« Due Sun 2/26 11:59pm
 Note: extended due date

« Office Hours
« Woody’s time moved: Tue 4-5:30pm, McCormack 3" floor, room 139

* No lecture next Monday 2/20

Quiz Preview
« An "if and only if" statement represents two of what kind of statements?




Concatenation: Ao B = {zy|z € Aand y € B}

last Tine: CONcCatenation I1s Closed?

THEOREM

The class of regular languages is closed under the concatenation operation.

In other words, if A; and A3 are regular languages then so is A; o As.

Proof: Construct a new machine?




Concatenation: Ao B = {zy|z € Aand y € B}
Concatenation Examples

THEOREM

The class of regular languages is closed under the concatenation operation.

In other words, if A; and A3 are regular languages then so is A; o As.

* If:a, €Ay, a, €A, * Ihen:a,a, €A; 0 A, ?7?? thpelgirinwag/ofrf'e
e Ifa, €A, a,&A, * Then: asa, €A 0 A, ??? macfhr}ffe”;cctceedpts
o If:as € A}, a, € A, » Then: aza, € A, 0 A, 2?22 = e=e

e lf:a, €A, ag € A, e Then: a,ag€ A, oA, ?7?




Concatenation: Ao B = {zy|z € Aand y € B}

last Tine: CONcCatenation I1s Closed?

THEOREM

The class of regular languages is closed under the concatenation operation.

In other words, if A; and A3 are regular languages then so is A; o As.

Proof: Construct a new machine?
« How does it know when to switch machines?
« Can only read Iinput once




Concatentation

_ oo©/\ ° © ©/

N is an NFA! It can:
- Keep checking 15t part with M,

: : and
Want:Construction of N to recognize A1 © Aa|_ ymove to M. to check 2n¢
2

Let M, recognize A;, and M, recognize As.

N part
e = “empty transition” = reads no input
( Allows N to be in both machines at the same time! I
~ 4 N\

Ot
O ° OfH30 oo
O~ o




Concatenation is Closed for Regular Langs

PROOF

Let DFA Ml = [Qli Z; 51; CI1, Fl) I’eCognlze Al
DFA MZ = [QZJ Z, 52; qz; Fz) I’eCognlze AZ

Construct N = (Q, X, 9, q1, F») to recognize A; o A M, M,
1.[Q] QiU Q: - O
. @ © @ —>O 0O O ©
2. The state ¢; is the same as the start state of M, o °©° 5 oo | ©
3. The accept states|F5 jare the same as the accept states of M, ﬂ
N
-




Concatenation is Closed for Regular Langs

PROOF

Let DFAM, =(Qy, %, 6, q,, F,) recognize A, nl:llfft?f:saeyfefy Walt, is this true?

DFA M, = (Q,, %, 6,, q,, F,) recognize A, stateandeto

some set of states

Construct N = (Q, X, 9, q1, F») to recognize A; o A M, M,
1. Q=Q1UQs — ©

. @ @ —>O O ©
2. The state ¢; is the same as the start state of M, °©° 9 o o

3. The accept states F5 are the same as the accept states of M, ﬂ
4. Define § so that for any ¢ € @ and any a € X,

1 ?
‘ 57(
2 @ OOO ZtEO e
@)

5(% CL) = 9

e

.
(02 And: 8(q,€)=0, forqe Q,q¢ F, 22?2 .-




thstback: 1S UNion Closed For Regular Langs?

Statements Justifications

1. A;and A, are regular languages 1. Assumption

2. ADFAM,=(0Q,, %, 6,,q, F;) recognizes A; 2. Def of Regular Language
3. ADFAM,=(0,, %, 6,, q,, F,) recognizes A, 3. Def of Regular Language
4. Construct DFAM=(Q, %, 9, q,, F) 4. Def of DFA

5. Mrecognizes A, U 4, 5. See examples

6. A, UA, Is aregular language 6. Def of Regular Language
7. The class of regular languages is closed under the union operation. 7 From stmt #1 and #6

In other words, if A; and As are regular languages, so is A; U As.



s Concat Closed For Regular Langs?

Statements Justifications

1. A;and A, are regular languages 1. Assumption

2. ADFAM,=(0Q,, %, 6,,q, F;) recognizes A; 2. Def of Regular Language
3. ADFAM,=(0,, %, 6,, q,, F,) recognizes A, 3. Def of Regular Language
4, Construct NFAN= = 22?2 (todo) 4, Def of NFA

5. Nrecognizes A4,-J-A,A 04, 5. See examples

6. A oA,A YA, Isaregular language 6. Does NFA recognize regular lang?
/. 'The class of regular languages is closed under the concatenation operation. 7. From stmt #1 and H6

In other words, if A; and As are regular languages then so is A; o As.



Fhashback: A DFA'S Language

« For DFAM = (Q, %, 0, qo, F)
» Macceptswif §(qy,w) € F

« M recognizes language {w| M accepts w}

Definition: A DFA’s language is a regular language



An NFA's Language

- For NFA N = (Q, %, 6, qo, F)

intersection accept states

e N accepts w if 0(qg,w) N F £ ) not empty
* .., accept If final states contain at least one accept state

« Language of N=L(N) = {,w | S(QO,w) NEF # @}

Q: What kind of languages do NFAs recognize?



Concatenation Closed for Reg Langs?

« Combining DFAs to recognize concatenation of languages ...

... produces an NFA

SO to prove concatenation is closed ...

... we must prove that NFAs also recognize regular languages.

Specifically, we must prove:
NFAs < regular languages



‘If and only If” Statements

XY = “Xifandonlyif Y7 = Xiffy = X<=>Y
Represents two statements:

1. =>i1fX,thenY
« “forward” direction

2. <iIfY thenX
* “reverse” direction



How to Prove an “Iff” Statement

XY = “Xifandonlyif Y7 = Xiffy = X<=>Y
Proof has two (If-Then proof) parts:

1. =>i1fX,thenY
e “forward” direction
« assume X, then use it to prove Y

2. <iIfY thenX
* “reverse” direction
« assume Y, then use it to prove X



Proving NFAs Recognize Regular Langs

Theorem:
A language L is regular if and only if some NFA N recognizes L.

Statements
Proof: 2
= If L 1s regular, then some NFA N recognizes it Justifications?
(Easier)

. We know: If L is regular, then a DFA exists that recognizes it.
- So to prove this part: Convert that DFA — an equivalent NFA(see HW 2)

& If an NFA N recognizes L, then L is regular. “equivalent” =
“recognizes the same language”




= If L 1s regular, then some NFA N recognizes it

Statements Justifications

1. Lisaregular language 1. Assumption fra s
2. A DFA M recognizes L 2. Def of Regular language
3. Construct NFANequivtoM 3. See hw 2!

4. An NFA N recognizes L 4, 777 B
5. If Lis aregular language, 5. By Stmts #1 and #4

then|some NFA N recognizes It




Proving NFAs Recognize Regular Langs

Theorem:
A language L is regular if and only if some NFA N recognizes L.

Proof:

M = If L is regular, then some NFA N recognizes it.
(Easier)
. We know: If L Is regular, then a DFA exists that recognizes it.
« So to prove this part: Convert that DFA — an equivalent NFA! (see HW 2)

& If an NFA N recognizes L, then L is regular. “equivalent” =
(Harder) “recognizes the same language”

. We know: for L to be regular, there must be a DFA recognizing it
« Proof Idea for this part: Convert given NFA N - an equivalent DFA
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How to convert NFA-DFA?

A finite automaton is a S-tuple (Q, X, 6, qo, F'), where

1. @ is a finite set called the szates, <
2. Y is a finite set called the alphabet, : ]

3. 0: Q x ¥— Q) is the transition function,

4. qo € () 1s the start state, and

5. F C Q is the set of accept states. A nondeterministic finite automaton
is a S-tuple (Q, %, 9, qo, F'), where

. 1. @ is a finite set of states,
Proof 1dea: > T is a finite alphabet
Let each “state” of the DFA T TS TR i o .
= set of states in the NFA 3.0: Q x ¥.—>P(Q) is the transition function,
4. gy € () 1s the start state, and
5. F C @ is the set of accept states.



Symbol read @ Start

T
@ NFA computation can
{ e be in multiple states
\ DFA computation can
0 - only be in one state
TR So encode:
@ @ @ @ a set of NFA states
as one DFA state
T
This is similar to the proof strategy from
@ @ @ @ @ “Closure of union” where:
(GEETEEEE ‘ a state = a pair of states
(2) (2



Convert NFA-DFA, Formally
+LetNFAN = (Q, 22, 3, qo, F')

« An equivalent DFA M has states Q' = P(Q) (power set of Q)



The NFA N4

A DFA D that is equivalent to the NFA N,



No empty transitions

Have: NFA N = (Q, 2,9, qo, F)

Want: DFA M = (Q', %, ¢, qo’, F')

1. Q/ — P(Q) A DFA state = a set of NFA states
2. For Re Q" and a € 3,

5, (R7 a) — l \ 5(7“7 a) A DFA step = an NFA step for all states in the set
R = DFA state = set of NFA states rcR

3. 90’ ={qo}
4. I = {R € Q| R contains an accept state of N }



thshback: ADdINg EMpty Transitions

- Define the set e-REACHABLE(q)
* ...to be all states reachable from q via zero or more empty transitions

(Defined recursively)

» Base case: ¢ € e-REACHABLE(q)

e Recursive case:

A state is in the reachable set if ...

e-REACHABLE(q) = {r | p € e-REACHABLE(q) and r € d(p,€)}

... there i1s an empty transition to it from
another state in the reachable set



With empty transitions

Have: NFA N = (Q, 2,9, qo, F)
Want: DFA M = (Q’, 3,9, qo’, F')

Almost the same, except ...

2. For Re Q' and a € X,
0 (R, a) e-REACHABLE((r, a))
AR ¢

reR

But this produces a set!
We need another

3 . qO, — -{-@6-}- E-REACHABLE(Q()) “reachable” function

(see hw 3!)

4. I’ = {R € Q'| R contains an accept state of



Proving NFAs Recognize Regular Langs

Theorem:
A language L is regular if and only if some NFA N recognizes L.

Proof:

= If L Is regular, then some NFA N recognizes It.
(Easier)
. We know: If L Is regular, then a DFA exists that recognizes it.
- So to prove this part: Convert that DFA — an equivalent NFA! (see HW 2)

& If an NFA N recognizes L, then L is regular.
(Harder)
. We know: for L to be regular, there must be a DFA recognizing it
B) - Proof Idea for this part: Convert given NFA N — an equivalent DFA ...
... using our NFA to DFA algorithm!




Concatenation is Closed for Regular Langs

PROOF

Lot DFAM, =(Q,, %, 8y, q4, F;) recognize 4, —
_ . If a language has an NFA recognizing It,
DFA M, = (@2 2, 05, 45, F>) recognize 4, then it is a regular language

Wait, Is this true?

Construct N = (Q, X, 9, q1, F») to recognize A; o A M, M,
1.Q=Q1UQs 0
. —J © O oo
2. The state ¢ is the same as the start state of M; °©° B o o
3. The accept states F5 are the same as the accept states of M, ﬂ
4. Define § so that for any ¢ € @ and any a € X, N
-
(91(g, ) g€ Qrandq ¢ O
@ @ T=0 o=
5( a)_<61(Qaa’) qEFlanda#E °© o A = 5
b= {g2} qe F anda=c¢ N
 92(¢; a) q € Q2. v 222l



Concat Closed for Reg Langs: Use NFAs Only

PROOF

If language is regular,

Let N1 = (Q1,%, 61, q1, F1) recognize Ahy then it has an NFA recognizing it ...
No = (Q2, X, 02, q2, F>) recognize As:

~
)

Construct N = (Q, X, 9, q1, F») to recognize A; o A N, N,
1. Q — Ql U QZ o ©
. @ @ —>O O O ©
2. The state ¢; is the same as the start state of /V; °° © oo ©
3. The accept states Fgfﬁ,é@,;ame as the accept states of N l
4. Define ¢ so that for #hy?¢% ¥ and any a € X, N
p
! ?
: ge@Qrandq & Fy :
0 ° Ofn .0
? g€ Fianda # ¢ o o e ©
5(q’a) — . o O
? ge Fianda=¢ L
. 4 q € Q. 311




Union: AUB ={z|z € Aorz € B}

thstback: UNioN 1S Closed For Regular Langs

THEOREM

The class of regular languages is closed under the union operation.

In other words, it A; and As are regular languages, so is A; U As.

Proof:

« How do we prove that a language is regular?
« Create a DFA or NFA recognizing it!

« Combine the machines recognizing A, and A4,
* Should we create a DFA or NFA?




Proof, with DFA

thstback: UNioN 1S Closed For Regular Langs

Proof
Gi . My = (Q1,%,01,4q1, F1), recognize Ay,
e Ulven:. .
My = (Q2, X, 02, q2, F2), recognize A,

« Construct: a new machine M = (Q, X, 9, qo, F') using M, and M,

» states of M: Q={(r1,m2)|m € Qrand rs € Q2} =0, xQ, Sﬁtgt;ntéw
This set is the Cartesian product of sets Q1 and Q2 | "y state

« M transition fn: 5((?"1, r9), (L) — (51 (r1,a),d2(rs, (L)) M step =

a stepin M, + a step in M,

« M start state:  (q1,92)

Accept if either M, or M, accept
* M accept states: F = {(ry,r3)|r1 € Fy orry € Fy}




Alternate Proof, with NFAs

Union i1s Closed for Regular Languages

N

Add new start state,
and e-transitions to
old start states

L

~




Union i1s Closed for Regular Languages

PROOF

Let Ny = (Q1,%,01,¢q1, F1) recognize Aq, and
N2 = (QQ, 2?52, q2, Fg) recognize AQ.

Construct N = (Q, X, d,|qo,|F) to recognize A; U As.

1. Q =Hqo}jU Q1 U Q2.

2. The state|qp|is the start state of V.

3. The set of accept states F' = F} U F5.

Alternate Proof, with NFAs

N ) —_—
Vo -0 0
08© E/Oo©

> [

NQ/_,O©‘ € @/ ©\
Q © O ©
S O L O




Union i1s Closed for Regular Languages

PROOF

Let Ny = (Q1,%,01,¢q1, F1) recognize Aq, and
N2 = (QQ, 2752, q2, Fg) recognize AQ.

Construct N = (Q, %, 4, qo, F') to recognize A; U As.

1. @ ={q}UQ1UQx.

2. The state gg 1s the start state of V.

3. The set of accept states F' = F} U F5.

4. Define ¢ so that for any ¢ € Q and any a € X,

(51(q q <€ Q1
? q € Q2

) —
(4:) ? g=¢qoand a = €

? q=qoanda # €

Alternate Proof, with NFAs

M

uOle -0 9
08© E/ Oo©
e Ol

~-00 Noo6
0008 %08

Don’t forget
Statements
and
Justifications!
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List of Closed Ops for Reg Langs (so far)

V]« Union

V1« Concatentation

- Kleene Star (repetition) ?



Star: A* = {x122...21| k > 0 and each z; € A}

Kleene Star Example

Let the alphabet 3 be the standard 26 letters {a, b, ..., z}.
If A = {good,bad}

{e, good, bad, goodgood, goodbad, badgood, badbad,

A* = goodgoodgood, goodgoodbad, goodbadgood, goodbadbad, ... }

Note: repeat zero or more times

(this is an infinite language!)



Kleene Star

N
4 e
s | 90O ©
© ©
\ O Y,
New start (and accept) state,
e-transitions to old start state
\ Old accept states

e-transition to old
start state




(h-class exerclse,

Kleene Star 1s Closed for Regular Langs

THEOREM

The class of regular languages is closed under the star operation.



Kleene Star 1s Closed for Regular Langs

PROOF Let N = (Ql,E,él,ql,Fl) recognize Aq.
Construct N = (Q, 3, §, qo, F') to recognize Aj.

N

L

. O
O

@

I

/

£
O+

O

©

E}

N\

/




Kleene Star 1s Closed for Regular Langs

PROOF Let N1 = (Q1,%,01,q1, 1) recognize A;. M

Construct N = (Q, 3, 4, qo, F') to recognize Aj. @

1. Q= {q} U

2. The state qq is the new start state.
3. F = {Q()} U F1

Kleene star of a language must accept the empty string!

/

/

~N

N

‘@_

=

o

=

O
O

O
O




Kleene Star 1s Closed for Regular Langs

PROOF Let Ny = (Q1,%, 01,41, F1) recognize A;.
Construct N = (Q, 3, 4, qo, F') to recognize Aj.

1. Q@ ={q} U
2. The state qq is the new start state.

3. F={q}tVF
4. Define § so that for any g € @ and any a € X,

Ny

.

g€ @Qrand g & Fy

g€ Fianda # ¢

d(q,a) = g€ Fianda=¢

g=¢qoanda=¢€

N N N N N

¢ = qo and a # €.

&

~

Q0O

/
Eﬁé
O
©)
-
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Nest Time: Wy These Closed Operations?

e Union
e Concat
e Kleene star

All regular languages can be constructed from:
- single-char strings, and
- these three combining operations!




Check-in Quiz 2/15

On gradescope



