
CS450 High Level Languages 

Interpreting Lambda Functions 



Logistics 
•

•

 

• hw-start
• tests-from-lecture23.rkt



Interlude: 

https://developer.mozilla.org/en-US/docs/Glossary/Binding 

set!



bind

;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Variable 
;; - (list ‘bind [Variable Expr] Expr) 

(bind [x 10] (+ x 1)) 

(let ([x 10]) (+ x 1)) 

;; A Variable (Var) is a Symbol 



(   
  (eval450 (bind [x 10] x)) 
  10 ) ; no shadow 

(   
  (eval450 (bind [x 10]  
             (bind [x 20] 
               x)) 
  20 ) ; shadow 

(   
  (eval450  
    (bind [x 10]  
       (+ (bind [x 20] x) 
          x))  
  30 ) 

(   
  (eval450  
   (bind [x 10]  
     (bind [x (+ x 20)]  
       x))) 
   30 ) 

bind

;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Variable 
;; - (list ‘bind [Variable Expr] Expr) 

  



;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Variable 
;; - (list ‘bind [Variable Expr] Expr) 

parse 

run 

;; A 450jsResult (Result) is a: 
;; - … 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (bind Symbol AST AST) 
;; … 
(struct bind [var expr body]) 

bind



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind

(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
  … 
     [(bind x e body) (run??    x   ??   e   ??   body )))] 
   … )) 
 (run/e p  ???  )) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (bind Symbol AST AST) 
;; … 
(struct bind [var expr body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind

(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
  … 
     [(bind x e body) ?? x ?? (run/e e ??) ??((run/e body ??) ))] 
   … )) 
 (run/e p  ???  )) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (bind Symbol AST AST) 
;; … 
(struct bind [var expr body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind

(define (run p) 
 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(bind x e body) ?? x ?? (run/e e ??) ??((run/e body ??) ))] 
   … )) 
 (run/e p  ???  )) 

;; An Environment (Env) is one of: 
;; - empty 
;; - (cons (list Var Result) Env) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind

(define (run p) 
 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(bind x e body) ?? x ?? (run/e e env) ??((run/e body ??) ))] 
   … )) 
 (run/e p  ???  )) 

Result
x x 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind

(define (run p) 
 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(bind x e body)  
      (define new-env (env-add env x (run/e e env))  
      (run/e body    ??  )] 
   … )) 
 (run/e p  ???  )) 

add x

x



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind

(define (run p) 
 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(bind x e body)  
      (define new-env (env-add env x (run/e e env)) 
      (run/e body new-env)] 
   … )) 
 (run/e p  ???  )) 

run body
x



;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Variable 
;; - (list ‘bind [Variable Expr] Expr) 
;; - (cons Expr List<Expr>) 



;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Variable 
;; - (list ‘bind [Variable Expr] Expr) 
;; - (cons Expr List<Expr>) 

(+ 1 2) 

;; A 450jsResult (Result) is a: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 

;; An Environment (Env) is one of: 
;; - empty 
;; - (cons (list Var Result) Env) 

(define INIT-ENV  
((+ 450+)  

  (- 450-))) 



;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Variable 
;; - (list ‘bind [Variable Expr] Expr) 
;; - (cons Expr List<Expr>) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (call AST List<AST>) 
;; … 
(struct call [fn args]) 

parse 

run 

;; A 450jsResult (Result) is a: 
;; - … 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(call fn args) (apply  
                       (run/e fn env)  
                       (map (curryr run/e env) args))]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (call AST List<AST>) 
;; … 
(struct call [fn args]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(call fn args) (apply  
                       (run/e fn env)  
                       (map (curryr run/e env) args))]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (call AST List<AST>) 
;; … 
(struct call [fn args]) 



(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(call fn args) (apply  
                       (run/e fn env)  
                       (map (curryr run/e env) args))]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 



;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Var 
;; - (list ‘bind [Var Expr] Expr) 
;; - (cons Expr List<Expr>) 

(+ 1 2) (??? 1 2) 



;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Var 
;; - (list ‘bind [Var Expr] Expr) 
;; - (list ‘fn List<Var> Expr) 
;; - (cons Expr List<Expr>) 



;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Var 
;; - (list ‘bind [Var Expr] Expr) 
;; - (list ‘fn List<Var> Expr) 
;; - (cons Expr List<Expr>) 

(fn (x y) (+ x y)) 

(fn (x) (fn (y) (+ x y)) ; “curried” 

( (fn (x y) (+ x y))  
  10 20 ) ; fn applied 

(lambda (x y) (+ x y)) 



(   
  (eval450  
   ( (fn (x y) (+ x y))  
     10 20 ) ) 
   30 ) 

(   
  (eval450  
   (bind [x 10] 
     ( (fn (y) (+ x y)) 20 ))) 
   30 ) ; with bind 

(   
  (eval450  
   ( (bind [x 10]  
       (fn (y) (+ x y))) 
      20 )) 
   30 ) ; with bind (fn only) 



fn 

• cs450f23/lecture24-inclass 

• fn-examples-< >.rkt 

 

(   
  (eval450  
   ( (fn (x y) (+ x y))  
     10 20 ) ) 
   30 ) 

(   
  (eval450  
   (bind [x 10] 
     ( (fn (y) (+ x y)) 20 ))) 
   30 ) ; with bind 

(   
  (eval450  
   ( (bind [x 10]  
       (fn (y) (+ x y))) 
      20 )) 
   30 ) ; with bind (fn only) 



;; A 450jsAST (AST) is one of: 
;; … 
;; - (fn-ast List<Symbol> AST) 
;; … 
(struct fn-ast [params body]) 

parse 

;; A 450jsExpr (Expr) is one of: 
;; - Atom 
;; - Variable 
;; - (list ‘bind Var Expr Expr) 
;; - (list ‘fn List<Var> Expr) 
;; - (cons Expr List<Expr>) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(fn-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (fn-ast List<Symbol> AST) 
;; … 
(struct fn-ast [params body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(fn-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

Result

;; A 450jsAST (AST) is one of: 
;; … 
;; - (fn-ast List<Symbol> AST) 
;; … 
(struct fn-ast [params body]) 

;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function ??? 



;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST ??) 
(struct fn-result [params body]) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (fn-ast List<Symbol> AST) 
;; … 
(struct fn-ast [params body]) 

fn-result fn-ast



(bind [x 10]  
  (fn (y) (+ x y))) 

parse 
(bind x (num 10)  
  (fn-ast (y) 
    (call (var +)  
          (list (var x) (var y))) 

run 

(fn-result (y) 
  (call (var +)  
        (list (var x) (var y)) 

x

fn-result fn-ast

x



;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST ) 
(struct fn-result [params body]) 

;; A 450jsAST (AST) is one of: 
;; … 
;; - (fn-ast List<Symbol> AST) 
;; … 
(struct fn-ast [params body]) 

fn-result fn-ast



;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 

Result



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(fn-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

Result

;; A 450jsAST (AST) is one of: 
;; … 
;; - (fn-ast List<Symbol> AST) 
;; … 
(struct fn-ast [params body]) 

;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function ??? 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(fn-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

Result

;; A 450jsAST (AST) is one of: 
;; … 
;; - (fn-ast List<Symbol> AST) 
;; … 
(struct fn-ast [params body]) 

;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(fn-ast params body) (fn-result params body env)] 
         … 
     )) 
 (run/e p INIT-ENV)) 

env 
body



(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(call fn args) (apply  
                       (run/e fn env)  
                       (map (curryr run/e env) args))]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 

??? 



(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(call fn args) (apply  
                       (run/e fn env)  
                       (map (curryr run/e env) args))]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A 450jsResult is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 

apply fn-result

450apply 



;; 450apply : [Racket fn or fn-result] List<Result> -> Result 
(define (450apply fn args) 
 … 
) 

;; A 450jsResult (Result) is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 

;; A 450jsResult (Result) is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - FnResult 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 … 
) 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?)        …     s)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
         …   params         …        body      …        env])) 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?)        …     s)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
       …     params   …      (ast-fn body … ) … (env-fn env … ) … ])) 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 

env-add 



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?)        …     s)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
       …    (ast-fn body … ) … (env-add env ?? args params ?? ) … ])) 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?)        …     s)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
       …    (ast-fn body … ) … (foldl env-add env params args) … ])) 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 

run/e 

inside run



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?)        …     s)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
   (run/e body (foldl env-add env params args))])) 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 

??? 



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?) (apply fn args)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
   (run/e body (foldl env-add env params args))])) 

;; A FnResult is one of; 
;; - (Racket) Function 
;; - (fn-result List<Symbol> AST Env) 
(struct fn-result [params body env]) 

params args



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?) (apply fn args)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
   (if (= (length params) (length args)) 
       (run/e body (foldl env-add env params args)) 
       …   ])) 



;; 450apply : FnResult List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
  [(? procedure?) (apply fn args)] ;; racket function 
  [(fn-result params body env)     ;; user-defined function 
   (if (= (length params) (length args)) 
       (run/e body (foldl env-add env params args)) 
       ARITY-ERROR)])) 

;; A 450jsResult (Result) is one of: 
;; - Number 
;; - UNDEFINED-ERROR 
;; - ARITY-ERROR 
;; - FnResult 



No More Quizzes!

push
cs450f23/lecture24-inclass 


