
CS450 High Level Languages 

Interpreting Recursion,  
with Mutation!



Logistics 
•

•

 



bind

;; A 450LangExpr (Expr) is one of: 
;; … 
;; - Var 
;; - ‘(bind [Var Expr] Expr) 
;; … 

;; A Variable (Var) is a Symbol 

Last Time 



bind

(   
  (eval450  
   (bind [x (+ x 20)]  
      x)) 
   UNDEFINED-ERROR ) 

Last Time 

??? 
;; A 450LangExpr (Expr) is one of: 
;; … 
;; - Var 
;; - ‘(bind [Var Expr] Expr) 
;; … 



;; A 450LangExpr (Expr) is one of: 
;; … 
;; - Var 
;; - ‘(bind [Var Expr] Expr) 
;; - ‘(fn List<Var> Expr) 
;; - (cons Expr List<Expr>) 
;; … 

bind

(   
  (eval450  
   (bind [f (fn (x) (+ x 4))] 
     (f 6))) 
   10 ) 

f



bind/rec

;; A 450LangExpr (Expr) is one of: 
;; … 
;; - ‘(bind/rec [Var Expr] Expr) 
;; … 





(define (fac n) 
  (if (= n 0) 
      1 
      (* n (fac (- n 1))))) 
(fac 5) ; => 120 

(letrec 
 ([fac  
   (λ (n) 
    (if (= n 0) 
        1 
        (* n (fac (- n 1))))]) 
  (fac 5)) ; => 120 



;; A 450LangExpr (Expr) is one of: 
;; … 
;; - ‘(bind/rec [Var Expr] Expr) 
;; - ‘(Expr ? Expr : Expr) 
;; … 

bind/rec
(letrec 
 ([fac  
   (λ (n) 
    (if (= n 0) 
        1 
        (* n (fac (- n 1))))]) 
  (fac 5)) ; => 120 

(bind/rec 
 [fac  
  (fn (n) 
    (n ? (* n (fac (- n 1)))  
       : 1))] 
  (fac 5)) ; => 120 



parse 

run 

;; A Result is a: 
;; - … 

;; An AST is one of: 
;; … 
;; - (recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 

bind/rec

;; A 450LangExpr (Expr) is one of: 
;; … 
;; - ‘(bind/rec [Var Expr] Expr) 
;; … 



run 

;; A Result is a: 
;; - … 

;; An AST is one of: 
;; … 
;; - (recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 

bind/rec

;; run: AST -> Result  
;; Computes result of 
running CS450 Lang AST 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body) ?? x   ??      e       ??      body )))] 
   … )) 
 (run/e p  ???  )) 

;; An AST is one of: 
;; … 
;; - (recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body) ?? x ?? (run/e e ??) ??((run/e body ??) ))] 
   … )) 
 (run/e p  ???  )) 

;; An AST is one of: 
;; … 
;; - (recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body) ?? x ?? (run/e e ??) ??((run/e body ??) ))] 
   … )) 
 (run/e p INIT-ENV )) 

;; An Environment (Env) is one of: 
;; - empty 
;; - (cons (list Var Result) Env) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind/rec

(define (run p) 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body)  
      (define env/x (env-add env x (run/e e env))  
      (run/e body env/x)] 
   … )) 
 (run/e p INIT-ENV )) 

add x

Result x



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body)  
      (define env/x (env-add env x (run/e e env))  
      (run/e body env/x)] 
   … )) 
 (run/e p INIT-ENV )) 

(bind/rec 
 [fac  
  (fn (n) 
    (n ? (* n (fac (- n 1)))  
       : 1))] 
  (fac 5)) ; => 120 

bind/rec

body
x x 

env/x 



Interlude

•

(define x 3) 
(display x) ; 3 
(set! x 5) ; mutate x 
(display x) ; 5 



Interlude

•

•



Interlude

•

•



Interlude

•

•

•
•

• (define x 3) 
(do-something x) ; mutate x?? 
(display x) ; ??? 



Interlude

•

•

•
•

•

•
•

•



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x (run/e e       ))  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

x 
body

x

env/x 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

;; A Result is a: 
;; … 
;; - CIRCULAR-ERROR 

;; A Result is a: 
;; - Number 
;; - FunctionResult 
;; - ErrorResult 

;; An ErrorResult is a: 
;; - UNDEFINED-ERROR 
;; - ARITY-ERROR 
;; - CIRCULAR-ERROR 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

… … 

x CIRCULAR-ERROR 

env/x 

;; An Environment (OLD) (Env) is one of: 
;; - empty 
;; - (cons (list Var Result) Env) 

;; An Environment (Env) is a: List<EnvVal> 

;; An EnvVal is one of: 
;; - Result 
;; - Box<Result> 

env-add 
env-lookup 

??? 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

(bind/rec [f f] f) 
 ; => CIRCULAR-ERROR 

… … 

x CIRCULAR-ERROR 

env/x 
x  

Result 
x



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

… … 

x CIRCULAR-ERROR x-result 

env/x 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

… … 

x CIRCULAR-ERROR x-result 

env/x 

body
x

(bind/rec 
 [fac  
  (fn (n) 
    (n ? (* n (fac (- n 1)))  
       : 1))] 
  (fac 5)) ; => 120 





• fac

• filt

• qsort 

• gcd 

• sierpinski

•
•

•

INIT-ENV



•

(define (lst-fn lst) 
  (cond  
   [(empty? lst) …] 
   [else … (first lst) … (lst-fn (rest lst)) …])) 

;; A List<X> is 
;; - empty 
;; - (cons X List<X>) 



•

(define (lst-fn lst) 
  (cond  
   [(empty? lst) …] 
   [else … (first lst) … (lst-fn (rest lst)) …])) 

;; A List<X> is 
;; - empty 
;; - (cons X List<X>) 



•

;; gcd : Nat Nat -> Nat 
;; computes greatest common divisor, using Euclid’s algorithm 
;; termination argument: 
;; m is halved (at least) every iteration (by modulo fn) 
(define (gcd n m) 
  (if (= m 0) 
      n 
      (gcd m (modulo n m)) 



•

•
•

;; gcd : Nat Nat -> Nat 
;; computes greatest common divisor, using Euclid’s algorithm 
;; termination argument: 
;; m is halved (at least) every iteration (by modulo fn) 
(define (gcd n m) 
  (if (= m 0) 
      n 
      (gcd m (modulo n m)) 


